Abstract. Let (M, g) be a complete non-compact Riemannian manifold together with a function e h , which weights the Hausdorff measures associated to the Riemannian metric. In this work we assume lower or upper radial bounds on some weighted or unweighted curvatures of M to deduce comparisons for the weighted isoperimetric quotient and the weighted capacity of metric balls in M centered at a point o ∈ M . As a consequence, we obtain parabolicity and hyperbolicity criteria for weighted manifolds generalizing previous ones. A basic tool in our study is the analysis of the weighted Laplacian of the distance function from o. The technique extends to non-compact submanifolds properly immersed in M under certain control on their weighted mean curvature.
Introduction
A weighted manifold (also known as a manifold with density or smooth metric measure space) is a triple (M, g, e h ), where (M, g) is a Riemannian manifold and e h a smooth function used to weight the Hausdorff measures associated to the Riemannian distance. In these manifolds, by combining the Riemannian structure with the derivatives of h, it is possible to introduce weighted curvatures and differential operators, see Morgan's book [34, Ch. 18] and Section 2 for precise definitions. Hence, the framework of weighted manifolds provides an extension of Riemannian geometry where many classical questions are being analyzed in recent years. In particular, comparison geometry and topological obstructions for the different weighted curvatures have been considered by many authors, see [42, 43, 26, 3, 33, 44, 45, 27, 35, 46, 22, 23] but this list is far from exhaustive.
Our aim in this paper is to establish comparison results for the weighted isoperimetric quotients and capacities of intrinsic and extrinsic balls in a complete non-compact weighted manifold. These will be derived from lower or upper radial (maybe nonconstant) bounds on some of the curvatures of the manifold, in such a way that they become equalities in the corresponding comparison model. The weighted model spaces are defined in Section 2.3 as rotationally symmetric manifolds with a pole together with a weight which is radial, i.e., it only depends on the Riemannian distance from the pole. Our capacity inequalities will allow to deduce parabolicity (resp. hyperbolicity) criteria for weighted manifolds and their proper submanifolds from the parabolicity (resp. hyperbolicity) of the associated comparison models.
The starting point for our results is the analysis of ∆ h r, where ∆ h is the weighted Laplacian defined in (2.1) and r denotes the distance function in M from a fixed point o ∈ M . This is accomplished in Section 3 by means of a standard method in Riemannian geometry [10, Ch. 2] , [47] . From inequality (3.1), which relates the Hessian Hess r and the sectional curvatures in (M, g), we can control ∆ h r by assuming radial lower bounds on two kinds of weighted curvatures: the Bakry-Émery Ricci curvatures Ric h q and the weighted sectional curvatures Sec h q with q ∈ (0, ∞], see Section 2.2 for precise definitions and references. Estimates for ∆ h r involving lower bounds on Ric h q have appeared in many of the aforementioned works by following the same technique or by using a Bochner-Weitzenböck formula in weighted manifolds. A similar approach was followed in [46, 22] to extend classical Riemannian statements to the case Sec h q > 0. Our more general comparisons for Hess r in Theorem 3.3 depending on lower radial bounds on the sectional curvatures Sec h q seem to be new. Having the Laplacian inequalities for the distance in hand, we are ready to establish our main comparisons in a unified way. For more clarity we have divided the exposition into two sections where we treat separately the intrinsic case and the extrinsic one.
Section 4 is devoted to the intrinsic setting and contains two type of results. The first ones are estimates for isoperimetric quotients of a complete non-compact weighted manifold (M, g, e h ). Given a point o ∈ M , the weighted isoperimetric quotient q o (R) measures the ratio between the weighted volume of the open metric ball B R of radius R centered at o and the weighted area of ∂B R . In Theorems 4.1, 4.5 and 4.11 we compare q o (R) with the weighted isoperimetric quotient at the pole of a weighted model space, which is determined from eventual bounds on ∇h, ∇r and radial lower bounds on weighted or unweighted Ricci curvatures of (M, g, e h ). In Theorem 4.6 we show the opposite comparison under an upper bound on the Riemannian sectional curvatures. For the proofs we adapt to the weighted context the arguments employed in [37, 28, 32] for submanifolds in Riemannian manifolds with a pole. The main idea is to use the previous analysis of ∆ h r to compare the mean exit time function in B R with the function defined by transplanting to B R , via the distance function r, the mean exit time function for the ball of the same radius in the weighted model space. As a consequence of our estimates for q o (R) we can compare separately the weighted volumes and areas of metric balls and spheres in (M, g, e h ) with the ones in the corresponding model. Similar inequalities for weighted volumes and quotients of weighted volumes, but not for weighted isoperimetric quotients, were given in [42, 26, 33, 44, 40, 35] under a lower bound on Ric h ∞ , and in [43, 3, 27] under a lower bound on Ric h q with q ∈ (0, ∞). In Section 4 we also establish comparisons for the capacities of metric balls, and deduce from them parabolicity and hyperbolicity criteria. To explain this in more detail we need to introduce some notation and definitions.
Following classical terminology in potential theory, a weighted manifold (M, g, e h ) is weighted parabolic or h-parabolic if every function u ∈ C ∞ (M ) bounded from above and satisfying ∆ h u 0 must be constant. Otherwise, (M, g, e h ) is weighted hyperbolic. As in the unweighted setting, the h-parabolicity is characterized in terms of the h-capacities defined in Section 2.1. More precisely, by Theorem 2.2, the h-parabolicity is equivalent to the existence of a precompact open set D ⊆ M , and an exhaustion {Ω i } i∈N of M by smooth precompact open sets, such that lim i→∞ Cap h (D, Ω i ) = 0. When ∂D is smooth the value of Cap h (D, Ω i ) can be computed from equality (2.3) involving the h-capacity potential, which is the solution to the weighted Laplace equation with Dirichlet boundary condition in (2.4) . This characterization leads to parabolicity and hyperbolicity criteria when we are able to bound the capacities Cap h (D, Ω i ) for a suitable family of capacitors (D, Ω i ) in terms of the geometry of the underlying weighted manifold. Following this idea with the capacitors (B ρ , B R ), the hparabolicity of a weighted manifold comes from suitable growth properties of the weighted volume and boundary area of the balls B t , see for instance [13, 16] . In the case of a weighted model (M w , g w , e f (r) ), an explicit computation of Cap f (B w ρ , B w R ), where B w t denotes a metric ball centered at the pole, shows that the f -parabolicity is equivalent to that
f (∂B w t ) dt = ∞ for some ρ > 0, see [13, 19] . This is a weighted extension of a classical parabolicity criterion of Ahlfors for rotationally symmetric Riemannian manifolds [1, 11] .
In Theorems 4.3, 4.8 and 4.12 we prove, for almost every radii ρ < R, a comparison for the ratio between the capacity Cap h (B ρ , B R ) and the weighted area of ∂B ρ with respect to the same ratio in a model space with weight depending on an eventual bound on ∇h, ∇r , and with curvature determined from a lower bound on a weighted or unweighted Ricci curvature in (M, g, e h ). In Theorem 4.9 we deduce the opposite comparison from an upper bound on the Riemannian sectional curvature. The proofs employ the analysis of ∆ h r to compare the h-capacity potential of (B ρ , B R ) with the function obtained by transplanting to the annulus B R − B ρ , via the distance function r, the capacity potential of the capacitor (B w ρ , B w R ) in the weighted model. By passing to the limit when R → ∞ the resulting capacity estimates imply the h-parabolicity (resp. h-hyperbolicity) of (M, g, e h ) from the parabolicity (resp. hyperbolicity) of the corresponding model. In particular, we generalize to weighted manifolds a parabolicity (resp. hyperbolicity) criterion of Ichihara [20] for Riemannian manifolds with Ricci curvature bounded from below (resp. sectional curvature bounded from above). Also, by combining these capacity estimates with our previous inequalities for the weighted area of metric spheres, we achieve a direct comparison between Cap h (B ρ ) and Cap f (B w ρ ). The proof technique in these results can also be employed to study the parabolicity of a Riemannian manifold (M, g). It is easy to observe that the h-parabolicity of (M, g, e h ) does not imply the parabolicity of (M, g). For instance, Euclidean space R m is hyperbolic for m 3, whereas it is parabolic with respect to the Gaussian weight. In this sense, it is interesting to provide sufficient conditions on a weight e h ensuring the Riemannian parabolicity of (M, g). In Theorem 4.13 we give a criterion in this line which involves a lower bound on some Bakry-Émery Ricci curvature Ric h q with q ∈ (0, ∞).
In Section 5 we gather our comparisons in the extrinsic setting. This arises when a submanifold P immersed in the manifold M is endowed with the structure of weighted manifold inherited from the Riemannian metric and weight in (M, g, e h ). More precisely, we suppose that M has a pole and P is a non-compact submanifold with empty boundary properly immersed in M . By following similar arguments as in the intrinsic case we deduce, from the weighted geometry of M and the extrinsic weighted geometry of P , sharp estimates for the weighted isoperimetric quotients and capacities of extrinsic balls. By an extrinsic ball in P we mean any connected component in the intersection of P with the metric ball B R in M centered at the pole.
Our results here rely on the analysis of the extrinsic distance r |P developed in Section 5.2. In this situation, the Hessian in P depends on the Hessian in M and the second fundamental form of P . As in the Riemannian setting, see for instance [38] , we may assume suitable bounds on weighted or unweighted sectional curvatures in (M, g, e h ) to control the weighted Laplacian ∆ h P of radial functions in P by means of our previous analysis on Hess r, and from radial bounds on the term ∇h + H h P , ∇r , which involves the radial derivatives of h and the weighted mean curvature vector H h P defined in Section 5.1. In the particular case of weighted rotationally symmetric manifolds with a pole, the sectional curvature is a radial function from the pole, and the Laplacian ∆ h P can be explicitly computed as we did in [19] . In Theorem 5.5 we show how a radial bound on the sectional curvature Sec in (M, g) implies an inequality for the weighted isoperimetric quotient of extrinsic balls in P . Under a lower bound on Sec we generalize a result of Markvorsen and the second author in the Riemannian setting [32] . Under an upper bound on Sec, our inequality provides a genuine comparison with respect to the isoperimetric quotient of a weighted model space, thus extending a result of the second author [37] for minimal submanifolds of Cartan-Hadamard manifolds.
In Theorems 5.7 and 5.14, we consider capacitors associated to concentric extrinsic balls and estimate their capacities to obtain, by means of Theorem 2.2, parabolicity and hyperbolicity criteria for submanifolds under certain control on the weighted or unweighted sectional curvatures of the ambient manifold, and the weighted mean curvature vector of the submanifold. As in the intrinsic setting, we can conclude the h-parabolicity (resp. h-hyperbolicity) of P from the parabolicity (resp. hyperbolicity) of the associated comparison model. Our Theorem 5.7 extends to arbitrary weighted manifolds previous criteria of the authors [19] for rotationally symmetric manifolds with weights. In the unweighted case h = 0 we recover previous statements by Esteve and the second author [8] , and by Markvorsen and the second author [30] . In Corollary 5.10 we show a weighted version of the hyperbolicity result of Markvorsen and the second author [29] for minimal submanifolds of a Cartan-Hadamard manifold.
To finish this introduction we should mention that, due to the relation between the weighted and the unweighted curvatures, all the results of the paper depending on a certain bound on the Ricci curvature Ric or the sectional curvature Sec are valid when we assume the same bound on Ric h ∞ or Sec h ∞ together with an additional concavity or convexity condition on h.
The paper is organized into five sections. Section 2 contains some preliminary material about weighted manifolds, potential theory and weighted model spaces. In Section 3 we derive estimates for the weighted Laplacian of the distance function in terms of lower bounds on the weighted curvatures of the manifold. In Section 4 we prove our comparison results and our parabolicity / hyperbolicity criteria for weighted manifolds. Section 5 includes the analysis of the weighted Laplacian and the comparisons for submanifolds with controlled weighted mean curvature vector.
Preliminaries
In this section we recall some notions and results that will be instrumental in the sequel.
Weighted capacities and parabolicity.
In a complete Riemannian manifold (M m , g) with m 2 and ∂M = ∅ we consider a weight or density, i.e., a smooth positive function e h on M which is used to weight the Hausdorff measures associated to the Riemannian metric. In particular, for any Borel set E ⊆ M , and any C 1 hypersurface P ⊂ M , the weighted volume of E and the weighted area of P are given by
where dv and da denote the Riemannian elements of volume and area, respectively.
In weighted manifolds there are generalizations not only of volume and area, but also of some differential operators of Riemannian manifolds. The weighted divergence of a smooth vector field X on M is the function
where div is the Riemannian divergence, ∇ is the Riemannian gradient and · , · denotes the Riemannian metric in M . Following [15, Sect. 3.6] we define the weighted Laplacian or h-Laplacian of a function u ∈ C 2 (M ) by
where ∆ is the Laplacian in (M, g). The h-Laplacian is a second order linear operator, which is self-adjoint with respect to dv h since
As in the unweighted setting there is a strong maximum principle and a Hopf boundary point lemma for h-subharmonic functions. We gather both results in the next statement, see [15, Sect. 8.3] 
. Then, we have: From the maximum principle it is clear that any h-subharmonic function on a compact manifold M must be constant. In general, a weighted manifold is weighted parabolic or h-parabolic if any h-subharmonic function which is bounded from above must be constant. Otherwise we say that M is weighted hyperbolic or h-hyperbolic.
Next, we will recall how the h-parabolicity of manifolds can be characterized by means of weighted capacities. For more details about the definitions and results below we refer to [11, 12, 16] .
Let Ω ⊆ M be an open set and K ⊂ Ω a compact set. The weighted Newtonian capacity or h-capacity of the capacitor (K, Ω) is defined by
(Ω, dv h ) with 0 φ 1 and φ = 1 on K .
Here
. By a standard approximation argument it follows that
(Ω) with 0 φ 1 and φ = 1 on K . 
When Ω ⊂ M is a precompact open set and K ⊂ Ω has smooth boundary, it can be proved (see [11, Sect. 4.3] 
where ν is the outer unit normal along ∂(Ω − K), i.e., the unit normal along ∂K pointing into K, and u is the solution of the following Dirichlet problem for the weighted Laplace equation
Hence, the infimum in the definition of Cap h (K, Ω) is attained by the solution to (2.4) . This function u is called the h-capacity potential of the capacitor (K, Ω).
The relation between weighted capacities and the h-parabolicity (resp. h-hyperbolicity) of a weighted manifold is shown in the next result, see [17] . 
In view of Theorem 2.2 and equality (2.2), in order to determine the h-parabolicity or h-hyperbolicity of a weighted manifold it suffices to find bounds on Cap h (D, Ω i ) for some set D ⊂ M and some exhaustion {Ω i } ∞ i . This will be done by assuming suitable bounds on the weighted or unweighted curvatures of the manifold.
Weighted curvatures.
Let us consider a complete weighted manifold (M m , g, e h ). In this subsection we recall different notions of curvature in this context.
The most extended generalizations of the Ricci curvature tensor are the BakryEmery Ricci tensors. These were introduced by Lichnerowicz [24, 25] and later employed by Bakry andÉmery [2] in the framework of diffusion generators. Observe that
so that a lower bound on Ric h q implies the same lower bound on Ric h ∞ . In this work the Bakry-Émery Ricci tensors will be used to deduce inequalities for the weighted Laplacian of the distance function r from a fixed point o ∈ M . On the other hand, comparison results for the Hessian of r will be obtained by assuming bounds on the weighted sectional curvatures, that we now introduce. 
where Sec stands for the sectional curvature in (M m , g). On the other hand, for any q > 0, we define the q-weighted sectional curvature of σ p by
We remark that, up to some constants, the previous definitions coincide with the ones introduced by Wylie [46] . Note also that, if {x 1 , . . . , x m−1 } ⊂ T p M is any orthonormal basis orthogonal to (∇r) p , then for q > 0 or q = ∞, we have
where σ i denotes the plane spanned by {x i , (∇r) p }. Hence, a lower bound on Sec 
Weighted model spaces.
Here we introduce the model spaces that we will use to establish our comparison theorems. 
Remark 2.6. The analytical conditions for w at 0 ensure that the warped metric is C ∞ at the pole. However, for most of our comparison results it suffices to require w(0) = 0 and w ′ (0) = 1. In this case we get a model space with less regularity at the pole that we still denote (M m w , g w ).
Example 2.7. The simply connected space forms K m (b) of constant sectional curvature b can be constructed as w-models with any given point as center point using the warping functions
Note that, for b > 0, the function w b (r) admits a smooth extension to r = π/ √ b. For b 0 any center point is a pole.
In [10, 11, 30, 31, 36] we have a complete description of the w-model spaces. In particular, the sectional curvatures for planes containing the radial direction from the center point are determined by the radial function
Moreover, the mean curvature of the metric sphere of radius r from the center o w is
) where e f (r) is a radial weight in the w-model (M 
where V 0 is the Riemannian volume of the unit sphere S m−1 1
. We will denote by q w,f the weighted isoperimetric quotient for balls around the center, defined by
In [19] we computed the weighted capacity Cap f (B 
f (r) ), the solution to the Dirichlet problem (2.5) in the annulus A w ρ,R is given by the radial function
.
Therefore, we have
Remark 2.9. The last equality in equation (2.8) can be written in terms of the weighted area of the geodesic spheres, so that we get
As a direct consequence, it can be obtained a weighted version of the Ahlfors criterion: a weighted (w, f )-model space is f -parabolic if and only if [14, 19] .
Analysis of the distance function
) be a weighted manifold such that M is complete and noncompact. In this section, depending on lower or upper bounds for some of the weighted curvatures, we provide Laplacian and Hessian comparisons for the distance function r : M → [0, ∞[ from a fixed point o ∈ M . Then, we will deduce estimates outside the cut locus cut(o) for the Hessian and Laplacian of a modification F • r associated to a smooth function F : (0, ∞) → R.
While the Laplacian comparisons in Subsection 3.1 will lead us to intrinsic comparison results for the volume and the capacity of balls centered at o, which eventually provide an intrinsic description of parabolicity, the Hessian comparisons in Subsection 3.2 will allow us to deduce analogous consequences in the extrinsic setting, i.e., when we consider a submanifold P of the ambient weighted manifold M .
The starting point for our estimates is an inequality which comes from the Index Lemma and the relation between the Hessian of the distance function r and the index form over Jacobi vector fields.
Fix a point p ∈ M − (cut(o) ∪ {o}) and denote r p := r(p). Let γ : [0, r p ] −→ M be the minimizing geodesic parameterized by arc-length joining o with p. Take a unit vector
where J is the Jacobi vector field along γ with J(0) = 0 and J(r p ) = x. Here J ′ stands for the covariant derivative of J, and R is the Riemann curvature tensor in (M, g). On the other hand, the Index Lemma [7, Sect. 10.2] implies that
for any vector field X along γ such that X(0) = J(0) and X(r p ) = J(r p ). As a consequence
for any vector field X along γ with X(0) = 0 and X(r p ) = x. Let w(s) be a function such that w(0) = 0 and w(s) > 0 for all s > 0. We define X(t) :=
, where Y is the unique parallel vector field along γ with
where σ γ(t) ⊆ T γ(t) M is the plane spanned by {γ ′ (t), X(t)}.
Laplacian comparisons under lower bounds for the Ricci curvatures.
In the next result we obtain inequalities for the weighted Laplacian of r that generalize previous estimates for the unweighted case h = 0 given in [10, Ch. 2], see also [38, 47] . 
As a consequence, for every smooth function
and there exists a non-decreasing
Proof. The proof of (3.2) can be found in [43] when the lower bound on Ric h q is constant, and in [27] for the general case. The proof of (3.4) appears in [44] for constant bounds, and in [40] when
w(r) is a positive function and θ : [0, ∞[→ R is continuous and nondecreasing. The starting point for both proofs is the BochnerWeitzenböck formula in weighted manifolds. We provide below a complete proof of (3.4) based on the inequality (3.1).
Take a point p ∈ M − (cut(o) ∪ {o}) and denote r p := r(p). Let γ : [0, r p ] → M be the minimizing geodesic parameterized by arc-length joining o with p. It is well known that γ ′ (t) = (∇r) γ(t) for any t = 0. We apply (3.1) to an orthonormal family {x 1 , . . . , x m−1 } in T p M orthogonal to (∇r) p . By summing up, and taking into account that (Hess r) p ((∇r) p , (∇r) p ) = 0, it follows that
Define the function f (t) := (h • γ)(t). It is clear that f ′ (t) = ∇h, ∇r (γ(t)) and
). Since Ric = Ric h ∞ + Hess h, by using the lower bound on Ric h ∞ and integration by parts, we get
On the other hand, the definition of weighted Laplacian in (2.1) gives us
By substituting this information above and integrating by parts, we obtain
where we have used the hypothesis f
and that θ(t) is a nondecreasing function. This shows (3.4).
Finally, to deduce (3.3) and (3.5) it suffices to have in mind the estimates in (3.2) and (3.4) together with equality
Remark 3.2. When we assume additional conditions on the derivatives w k) (0), we can identify the lower bounds in Theorem 3.1 for the radial Bakry-Émery Ricci curvatures and the upper bounds deduced for ∆ h r as the radial Ricci curvatures and the Laplacian of the distance function from o w in some w-model space.
More precisely, if q ∈ N in statement a), then −(m + q − 1)
w(r) is the Ricci curvature in the radial direction of the model (M m+q w , g w ), whereas (m + q − 1)
is the Laplacian in (M any plane σ p ⊆ T p M containing the radial direction (∇r) p , the q-weighted sectional curvature is bounded from below as
Then, the inequality
holds on M − (cut(o) ∪ {o}) for any unit tangent vector x orthogonal to ∇r.
is bounded from below as
As a consequence, for every smooth function
Proof. Fix a point p ∈ M − (cut(o) ∪ {o}) and denote r p := r(p). Let γ : [0, r p ] → M be the minimizing geodesic parameterized by arc-length joining o with p. It is well known that γ
Let us prove (3.7). Starting from (3.1), and having in mind the lower bound for Sec h q (σ γ(t) ), we arrive at
On the other hand, applying integration by parts, we get
Replacing the information of (3.12) and (3.13) into (3.11), we obtain
Finally, integrating by parts again, it follows that
which is the desired inequality at the point p.
Let us prove (3.9). Starting from (3.1), and taking into account the lower bound for Sec
Using integration by parts, the hypothesis f
, and the fact that θ ′ 0, we obtain
This is equivalent to inequality (3.9) at the point p.
Finally, inequalities (3.8) and (3.10) follow from (3.7), (3.9) and the definition of weighted Laplacian in (2.1), with the help of the identities 
Intrinsic comparison results
In this section we consider a complete non-compact weighted manifold and present three series of results where, assuming lower or upper bounds for some of the weighted or unweighted curvatures of the manifold, we provide estimates for the weighted volumes and capacities of metric balls about a given point. From the capacity estimates we will deduce conclusions about the parabolicity or hyperbolicity of the manifold.
Along this section we will denote by B R (resp. B The first result of this section shows that, as happens in the Riemannian setting, estimates for the weighted Laplacian of the distance function allow to establish bounds for weighted isoperimetric quotients and volumes of metric balls. Our proof goes in the line of [37, 28, 32] , where comparisons for the unweighted isoperimetric quotient of extrinsic balls of submanifolds were obtained. Previous comparisons involving weighted volumes and quotients of weighted volumes (but not weighted isoperimetric quotients) when Ric h ∞ is bounded from below can be found in [42, 26, 33, 44, 40, 35] . 
Then, we have
, for almost any R > 0, 
Proof. We will prove the comparison for the weighted isoperimetric quotient by using the function solution of a Dirichlet-Poisson problem.
Let q w,f : (0, ∞) → R be the weighted isoperimetric quotient in (M m w , g w , e f (r) ), which is given by
Note that q w,f extends to 0 as a C 1 function with q w,f (0) = 0 and q
It is easy to check that
If we consider v := φ R • r, then we obtain a radial function v ∈ C 2 (M − cut{o}). Moreover, since φ ′ R (s) 0, we infer from inequality (3.5) in Theorem 3.1 that (4.6)
Let us see that this implies By taking into account that div h (ϕ ∇v) = ϕ ∆ h v + ∇v, ∇ϕ , and applying the divergence theorem as in Lemma 2.1 of [5] , we obtain
The first integral at the right hand side is nonpositive since ∇v, ν n = φ ′ R (r) ∇r, ν n along ∂M n . This shows that
By passing to the limit we get (4.7) for ϕ ∈ C ∞ 0 (M ) by using the dominated convergence theorem and the fact that cut(o) has null weighted volume. By standard approximation the inequality also holds for any ϕ ∈ H 1 0 (M, dv h ) with ϕ 0. Next, for any ε > 0 small enough, we define the function ϕ ε := ρ ε • r, where
Clearly ϕ ε ∈ H 1 0 (M, dv h ) with ϕ ε 0. Inequality (4.7) and some computations yield
This inequality can be written as
and we have used the coarea formula. Note that η ′ (0) = 0 and η ′ (s) = q w,f (s) Vol h (∂B s ) for almost any s > 0. By taking limits above when ε → 0 + we conclude that inequality
holds for almost any R > 0. This proves (4.1). Now, consider the function
, for any R > 0.
Taking into account that
for any R > 0, and inequality (4.1), we easily deduce that F (R) is non-increasing, and so
which proves (4.2). The last equality above comes from the asymptotic expansion of weighted volumes for small geodesic balls [4, Ch. 3] , which implies that
where c m is a positive dimensional constant and we have used that f (o w ) = 0. Finally, from (4.1) and (4.2), we conclude that
for almost any R > 0. This proves (4.3) and completes the proof.
Remark 4.2. When the point o ∈ M is a pole then inequalities (4.1) and (4.3) holds for any R > 0. In this case cut(o) = ∅ and the proof of (4.1) is easier. Indeed, by integrating in (4.6) and applying the divergence theorem, it follows that
which proves (4.1) for any R > 0. From here we deduce (4.3) as in the general case.
In the next result we show a capacity comparison and a parabolicity criterion for weighted manifolds under a lower bound on Ric 
Then, for almost any ρ > 0, we have
As a consequence
where Cap f (B In particular, this inequality holds when ϕ := ψ v, for any function ψ ∈ H 1 0 (M, dv h ) such that ψ 0 and ψ = 0 in M − A ρ,R . This implies that
From the definition of weighted capacity, it follows that
Next, we will estimate the last integral with the help of (4.11).
For any ε > 0 small enough, we take the function ψ ε := ρ ε • r, where
It is clear that ψ ε ∈ H 1 0 (M, dv h ) with ψ ε 0 and ψ ε = 0 on M − A ρ,R . Hence, inequality (4.11) and some computations lead to
where
and we have used the coarea formula. By taking limits above when ε → 0 + , and having in mind the equalities φ ρ,R,f (ρ) = 1, φ ρ,R,f (R) = 0 together with equations (4.12) and (2.8), we conclude that inequality
holds for almost every ρ, R > 0 with ρ < R. Thanks to (2.2) the inequality (4.8) follows by taking limits in the previous estimate when R goes to infinity. On the other hand, the comparison in (4.9) comes from (4.8) and (4.3). Finally, suppose that (4.10) is satisfied for some ρ > 0. This implies by equation (2.8) that Cap f (B w ρ ) = 0. We can admit that (4.8) holds for the value ρ, so that Cap h (B ρ ) = 0. From Theorem 2.2 we conclude that M is h-parabolic.
Remark 4.4.
If the point o ∈ M is a pole, then cut(o) = ∅, and the inequalities (4.8) and (4.9) are satisfied for any ρ > 0. Indeed, by using the divergence theorem, the inequality ∆ h v 0 and the equalities v = 1 in ∂B ρ and v = 0 in ∂B R , we get
From here we can deduce (4.8) and (4.9) as in the general case.
Comparisons under bounds on the Riemannian curvatures.
Here we establish estimates for the isoperimetric quotient of balls together with parabolicity and hyperbolicity criteria by assuming radial bounds on some Riemannian curvatures of the ambient manifold and on the radial derivatives of the weight.
We first obtain for the isoperimetric quotient of balls the same inequality as in (4.1) by means of different hypotheses. 
Then, we have
, for almost any R > 0,
where Vol f stands for the weighted volume in the 
If we combine this with the hypothesis in b), then we deduce that
From here we can proceed as in the proof of Theorem 4.1 to show the claim.
In the next result we replace the Ricci curvature with the sectional curvature so that, by reversing the hypotheses in Theorem 4.5, we deduce the opposite comparisons. In this way, we are able to show an upper bound for the weighted isoperimetric quotient of geodesic balls, which extends a result of Markvorsen and the second author for the unweighted case [32, Sect. 8]. Then, for any R > 0 such that B R ∩ cut(o) = ∅, we get
, and therefore
where Vol f stands for the weighted volume in the
Proof. It is well known, see for instance [10, Ch. 2] and [38] , that the upper bound on the radial sectional curvatures implies that 
This inequality together with the hypothesis in b) yields
Hence, if R satisfies that B R ∩cut(o) = ∅, then ∂B R is a smooth hypersurface, and we can proceed as in Remark 4.2 with reversed inequalities to deduce all the comparisons in the claim. Now, we prove a capacity comparison with an associated parabolicity criterion under a lower bound on the radial Ricci curvatures. In the unweighted case h = 0 we recover a result of Ichihara [20] . Then, for almost any ρ ρ 0 , we have
, where Cap f (B Moreover, if ρ 0 = 0, then
Anyway, if (4.14)
Proof. We follow the scheme of proof and notation in Theorem 4. If we replace the Ricci curvature with the sectional curvature, and we reverse the hypotheses in Theorem 4.8, then we deduce a weighted hyperbolicity criterion for complete manifolds with a pole which generalizes a result of Ichihara [20] for simply connected Riemannian manifolds. Indeed, under the assumptions on the sectional curvature, the fact that M is simply connected implies that it has a pole. We also remark that the technical issue observed in Remark 4.7 prevents a direct extension of the theorem to any complete weighted manifold. Then, for any ρ ρ 0 , we get
Anyway, if
Proof. We follow the notation in Theorem 4.3. Choose numbers ρ, R with ρ 0 ρ < R.
Consider the radial function
0, by taking into account the estimate for ∆r in (4.13), the equality (3.6) and the hypothesis ∇h, ∇r θ(r) on M − B ρ0 , we obtain
On the other hand, the h-capacity potential u of the capacitor (B ρ , B R ) in M satisfies ∆ h u = 0 and 0 u 1 in A ρ,R , whereas u = v = 1 along ∂B ρ and u = v = 0 along ∂B R . From equation (2.3), and applying the divergence theorem in A ρ,R to the vector fields v ∇u and u ∇v, we get
where we have used (2.8 
4.3.
Comparisons under a lower bound on the q-Bakry-Émery Ricci curvatures.
In this subsection we first follow the arguments of the previous ones to provide a comparison for the weighted isoperimetric quotient and a parabolicity criterion by assuming a lower bound on some q-Bakry-Émery Ricci curvature with q > 0. Related comparisons for volumes and quotient of volumes (but not for isoperimetric quotients) are found in [43, 3, 27] . If, for some q > 0, the radial q-Bakry-Émery Ricci curvature is bounded as
then, for almost any R > 0, we have
Proof. We will employ arguments similar to those in [37, 28, 32] . Let q w : (0, ∞) → R be the function
Note that q w extends to 0 as a C 1 function with q w (0) = 0 and q
Now, we can follow the proof of (4.1) to deduce the desired comparison. If, for some q > 0, the radial q-Bakry-Émery Ricci curvature is bounded as
then, for almost any ρ > 0, we have
Moreover, if
Proof. In this case we consider v := φ ρ,R • r, where φ ρ,R : [0, ∞[→ R is the function defined in (2.7) when we take f = 0 and dimensional constant m + q. In particular φ ρ,R satisfies the differential equation in (2.6), so that the comparison ∆ h v 0 on M − cut(o) comes from inequality (3.3) in Theorem 3.1. The rest of the proof relies on the arguments employed in Theorem 4.3.
We finish this section by showing how we can deduce the parabolicity of a Riemannian manifold (M m , g) from a lower bound for the q-Bakry-Émery Ricci curvatures associated to a weight e h in M . The strategy for the proof is similar to previous ones by using a second order differential operator L, that coincides with the weighted Laplacian in some (w, f )-model space only when q ∈ N. 
Then, for almost any ρ ρ 0 , we have
where Cap and Vol denote the capacity and volume in (M, g), and f (r) := − r ρ0 θ(s) ds for any r ρ 0 .
Proof. We define a second order differential operator L acting on any
As in Theorem 2.8 it is easy to check that, for any ρ, R with ρ 0 ρ < R, the function φ
Since ∆v = ∆ h v − ∇h, ∇v , by taking into account the hypothesis b) and the fact that (φ
As in the proof of Theorem 4.3, the approximation argument in Theorem 4.1 implies
In particular, the inequality in (4.11) is valid for any ψ ∈ H 1 0 (M − B ρ0 , dv h ) with ψ 0 and ψ = 0 in the annulus A ρ,R := B R − B ρ .
From here, we can reproduce the arguments in the proof of (4.8) to deduce that
holds for almost any ρ, R with ρ 0 ρ < R. Hence, the comparison in (4.19) follows by taking limits when R → ∞. f (r) ) over radial functions.
Note also that, under the conditions of Theorem 4.11, we cannot deduce a volume comparison as in (4.2). The problem is that, although the corresponding function
Remark 4.15. The non-integrability (resp. integrability) hypotheses in (4.10), (4.14), (4.18), (4.20) and (4.17) are equivalent by Remark 2.9 to the weighted parabolicity (resp. hyperbolicity) of the corresponding weighted comparison model. In particular, Theorems 4.3, 4.8, 4.12, 4.13 and 4.9 show that the ambient manifold is h-parabolic (resp. h-hyperbolic) provided the weighted (w, f )-model space is f -parabolic (resp. f -hyperbolic).
Extrinsic comparison results
In this section, given a weighted manifold with a pole and a properly immersed submanifold, we establish volume and capacity comparisons for extrinsic balls in the submanifold. As a consequence, we deduce parabolicity and hyperbolicity of submanifolds by assuming certain control on the weighted mean curvature of the submanifold, the radial curvatures of the weight and some (weighted) curvatures of the ambient manifold. This extends to arbitrary weighted manifolds the results obtained by the authors in rotationally symmetric manifolds with weights [19, Sect. 3] .
Submanifolds in weighted manifolds.
Let P n be an n-dimensional submanifold with ∂P = ∅ properly immersed in a weighted manifold (M m , g, e h ) with a pole o ∈ M . We consider in P the induced Riemannian metric. We use the notation ∇ P u and ∆ P u for the gradient and Laplacian in P of a function u ∈ C 2 (P ).
The restriction to P of the weight e h in M produces a structure of weighted manifold in P . From (2.1) the associated h-Laplacian ∆ h P has the expression ∆ h P u = ∆ P u + ∇ P h, ∇ P u , for any u ∈ C 2 (P ). We say that the submanifold P is h-parabolic when P is weighted parabolic as a weighted manifold. Otherwise we say that P is h-hyperbolic. By Theorem 2.2 the h-parabolicity of P is equivalent to that Cap h P (D) = 0 for some precompact open set D ⊆ P , where Cap h P denotes the h-capacity relative to P . Clearly a compact submanifold P is h-parabolic.
Next we introduce the extrinsic balls of a submanifold P . As in the previous sections we denote by r : M → [0, ∞[ the distance function from the pole o ∈ M , and by B R the metric ball in M of radius R > 0 centered at o. Definition 5.1. If P is a non-compact submanifold properly immersed in M , the extrinsic metric ball of (sufficiently large) radius R > 0 and center o is denoted by D R , and defined as any connected component of the set B R ∩ P = {p ∈ P : r(p) < R}.
For given radii ρ, R > 0 with ρ < R, we define the extrinsic annulus in P as the set
Since P is properly immersed in M the extrinsic balls are precompact open sets in P . As we assume that P is noncompact then D R = P for any R > 0. Moreover, by Sard's Theorem we deduce that ∂D R is smooth for almost any R > 0. Now we present another necessary ingredient to establish our results: the weighted mean curvature of submanifolds. In the case of two-sided hypersurfaces this was first introduced by Gromov [18] , see also [4, Ch. 3] .
Definition 5.2. The weighted mean curvature vector or h-mean curvature vector of P is the vector field normal to P given by
where (∇h) ⊥ is the normal projection of ∇h with respect to P and H P is the mean curvature vector of P . This is defined as nH P := − m−n i=1 (div P N i ) N i , where div P stands for the divergence relative to P and {N 1 , . . . , N m−n } is any local orthonormal basis of vector fields normal to P .
We say that P has constant h-mean curvature if |H h P | is constant on P . If H h P = 0, then P is called h-minimal. More generally, P has bounded h-mean curvature if |H h P | c on P for some constant c > 0. For later use we must note that equality (5.1) nH P , ∇r + ∇ P h, ∇ P r = H h P , ∇r + ∇h, ∇r holds on P − {o}. This easily comes from the definition of H h P and the fact that ∇h − (∇h) ⊥ = ∇ P h.
Extrinsic Laplacian comparisons.
As in Section 4, the analysis of modified distance functions will be instrumental to deduce our comparisons for extrinsic balls of submanifolds. The results in this subsection are applications to the extrinsic context of the estimates for the distance function in Theorem 3.3, and of Laplacian comparisons for modified distance functions in submanifolds given in [30, 32, 38] .
We first establish some inequalities for the weighted Laplacian of submanifolds under bounds on the radial sectional curvatures of the ambient manifold. In the particular case of rotationally symmetric manifolds with a pole it was shown in Lemma 3.1 of [19] that all the estimates in the next statement become equalities. If, for any p ∈ M − {o} and any plane σ p ⊆ T p M containing (∇r) p , we have
then, for every smooth function F : (0, ∞) → R with F ′ 0, we obtain the inequality
in the points of P − {o}.
Proof. From the results in [32, 38] , the bound for the radial sectional curvatures of the ambient manifold implies that the Laplacian ∆ P of the modified distance function F • r satisfies the inequality
Thus, by the definition of weighted Laplacian, we get
so that the claim follows by using (5.1). Now, we derive a comparison for the weighted Laplacian of submanifolds by assuming a lower bound on some q-weighted sectional curvature. Such a bound does not imply a lower bound on the Riemannian sectional curvature, so that we cannot use, as we did in Theorem 5.3, the known inequalities for the unweighted Laplacian. If there is q > 0 such that, for any p ∈ M −{o} and any plane σ p ⊆ T p M containing (∇r) p , we have
Proof. For any smooth function F : (a, b) → R and any tangent vector y to P , it is not difficult to check as in [21] or [38] that
where Hess P is the Hessian operator relative to P and α is the second fundamental form of P . Hence, by using the estimate for (Hess r)(y, y) in (3.14) and the fact that F ′ 0, we get
Applying the previous inequality to an orthonormal basis {y 1 , . . . , y n } of tangent vectors to P − {o} and summing up, we arrive at
From here the proof finishes after some computations by taking into account (5.1) and that ∆ 
where B w R is the metric ball of radius R centered at the pole o w in (M n w , g w ).
Proof. Fix R > 0 such that ∂D R is smooth. The function φ R : [0, R] → R given by
is C 2 and satisfies the differential equation
We define v := φ R • r, which is a radial function in C 2 (D R ). Since φ ′ R 0, by using Theorem 5.3 and the estimates in (ii), we infer that
Observe that (5.2) and the balance condition in (iii) imply that
in D R − {o}. As |∇ P r| 1, we conclude that
Finally, we integrate and apply the divergence theorem to get
where we have used that φ ′ R (s) = −q w,f (s) and that the outer conormal vector along ∂D R is ∇P r |∇P r| . This proves the claim. w(r) the theorem extends to weighted manifolds a comparison of Markvorsen and the second author [32] . In the case Sec(σ p ) − w ′′ (r) w(r) the fact that |∇ P r| 1 on P − {o} leads to the estimate
. This generalizes to a weighted context a result of the second author [37] for minimal submanifolds of Cartan-Hadamard manifolds.
Next, we provide some criteria for the h-parabolicity or h-hyperbolicity of noncompact submanifolds properly immersed in a weighted manifold with bounded radial sectional curvatures.
Our first result is an extension to the weighted setting of previous theorems for Riemannian manifolds by Esteve and the second author [8] , and by Markvorsen and the second author [30] . We note that the particular situation of rotationally symmetric manifolds with weights was analyzed by the authors in Theorems 3.2 and 3.3 of [19] . 
w(r) .
(ii) There exist ρ > 0 and continuous functions ψ(s), ϕ(s), such that ∂D ρ is smooth and
(iii) In P − D ρ the bounding functions verify
Then, we obtain
where Cap f (B 
Proof. By using Sard's Theorem we can suppose that ∇ P r = 0 along ∂D ρ . Take any number R > ρ such that ∂D R is smooth. Let us consider the extrinsic annulus A 
On the other hand, by taking into account (2.6) and the balance condition in (iii), it follows that
where u is the h-capacity potential of the capacitor (D ρ , D R ) in P . Since u = v on ∂A P ρ,R , by applying the maximum principle and the Hopf boundary point lemma in Theorem 2.1, we deduce that ∂u ∂ν < (>) ∂v ∂ν on ∂D ρ , where ν is the outer unit normal along ∂A P ρ,R , which coincides with the unit normal
Hence, the desired comparison comes from above by taking limits when R → ∞. .
Next, we will deduce some consequences of the previous result for submanifolds with bounded weighted mean curvature. Remark 5.11. In Theorem 5.3 and the results of this subsection we assume bounds on the Riemannian sectional curvatures. As we noted in Remark 4.10, these hypotheses hold when we assume the same bounds on Sec h ∞ under an additional condition for the sign of (Hess h)(∇r, ∇r).
Remark 5.12. As we pointed out in Remark 4.15, the condition in (5.3) is equivalent by Remark 2.9 to the weighted parabolicity (resp. hyperbolicity) of the corresponding n-dimensional weighted comparison model. Hence, Theorem 5.7 shows that the submanifold P is h-parabolic (resp. h-hyperbolic) provided the weighted (w, f )-model space is f -parabolic (resp. f -hyperbolic). The starting point for these comparisons is the inequality (3.9) in Theorem 3.3, from which the same estimate for ∆ h P (F • r) as in Theorem 5.3 can be deduced. The details are left to the reader.
5.4.
Weighted parabolicity under a lower bound on the q-weighted sectional curvatures.
We finally show a parabolicity criterion by assuming a lower bound on some qweighted sectional curvature. The key ingredients to prove it are the comparison in Theorem 5.4 for the weighted Laplacian and the use, as in Theorem 4.13, of a second order operator over radial functions that coincides with the weighted Laplacian in some weighted model space when q ∈ N. As a consequence of Theorem 5.14 we deduce the following result for weighted minimal hypersurfaces. (iii) h is a non-positive radial function.
Then, any non-compact h-minimal hypersurface P properly immersed in M is hparabolic.
Proof. We apply Theorem 5.14. Since h is radial and P is h-minimal, we consider the functions ψ(r) := h ′ (r) and ϕ(r) 
